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Abstract—A parallel decimal multiplier is proposed in this
paper to improve performance by mainly exploiting the
properties of three different binary coded decimal (BCD) codes,
namely the redundant BCD excess-3 code (XS-3), the overloaded
decimal digit set (ODDS) code and BCD-4221/5211 code; hence
this design is referred to as hybrid. The signed-digit radix-10
recoding with the digit set {-5, 5} and the redundant BCD excess3 (XS-3) representations are used for partial product (PP)
generation. In this paper, a new decimal partial product
reduction (PPR) tree is proposed; it consists of a binary PPR tree
block, a nonfixed size BCD-4221 counter correction block and a
BCD-4221/5211 decimal PPR tree block. Analysis and
comparison using the logical effort model and 45 nm technology
show that the proposed decimal multiplier is faster compared
with previous designs found in the technical literature.

The PPR tree based on BCD-4221 and BCD-5211 codes is
very regular; it includes 4-bit binary carry-save adder (CSA)
and a decimal  2 operation. These 4-bit decimal codes have
been used to significantly increase the performance of decimal
multi-operand addition and multiplication [12-15]. The BCD4221 and BCD-5211 (BCD-4221/5221) are selfcomplementing [16]; therefore, the 9’s complement of a 4-bit
digit can be easily obtained by bit-inversion. The disadvantage
of BCD-4221/5211 codes is that decimal multiples (such as 3X)
cannot be obtained in a carry-free manner by using nonredundant radix-10 digit [7].
Redundant decimal formats have been used to speed up
BCD multiplication. Decimal carry-free addition is achieved
through SD representations using a redundant digit
set , ⋯ ,0, ⋯  , where 5    9 [6-7], [17-18]. The
overloaded decimal digit set (ODDS) code is a type of
redundant decimal number representation {0, 15}; it was
proposed for high-speed multi-operand decimal adders and
multipliers [7], [10], [19]. The ODDS representation can
generate both simple and complex decimal multiples in a carryfree manner. The PPR can be performed with binary
arithmetic by using ODDS code; there is no need to correct
invalid six 4-bit digits compared with BCD-8421 code [7].
Therefore, the ODDS code is usually used for implementing
fast and efficient decimal arithmetic circuits.

Keywords—Parallel Decimal Multiplication, Overloaded
BCD Representation, Redundant Excess-3 Code, Redundant
Arithmetic.

I. INTRODUCTION
Decimal arithmetic is in demand for many commercial
applications; for example in financial computation, binary
arithmetic can introduce conversion and rounding errors [1].
Furthermore, the decimal specification has been added to the
revised IEEE 754-2008 standard [2-3], thus attracting a
significant research interest in decimal arithmetic architectures
and implementations [4-7]. Decimal adders and multipliers are
one of the most important primitives for decimal arithmetic and
recently they have been studied quite extensively.

Both the ODDS and redundant BCD excess-3 (XS-3)
representations are used for improving the performance of
parallel decimal multipliers [7]. Due to its self-complementing
property, the XS-3 code [-3, 12] is used in [7] for PPG. XS-3
PPs can also be represented as ODDS PPs by adding precomputed correction term; the ODDS PPs [0, 15] are added by
a PPR tree until two decimal PP rows (coded as BCD excess-6
and BCD-8421) remain. The PPR tree in [7] consists of a
binary CSA tree, a binary sum correction block and a decimal
3:2 compressor block. The final BCD excess-6 and BCD-8421
PP rows are added by a carry propagate addition. An advantage
of the XS-3 representation over BCD-4221/5211 representation
is that all relevant multiples (such as 1X, 2X, 3X, 4X, and 5X)
can be implemented in a carry-free way [7].

The first parallel decimal multiplier is proposed in [8]. The
most representative high-performance BCD multipliers are
presented in [7-13]. Non-redundant and redundant decimal
formats are used in a decimal multiplier design; two different
sign-digit (SD) encodings (radix-5 and radix-10) are proposed
for fast partial product (PP) generation. The SD radix-10
recoding is used to recode the signed digits in the digit set
5, 5. (d+1) PP rows are generated in the radix-10 recoding
and 2d PP rows are generated in the radix-5 recoding. DoubleBCD unsigned partial products are proposed in [8-11]. The
number of PPs is equivalent to the SD radix-5 scheme;
furthermore, this scheme has the disadvantage of a large area
overhead compared with the radix-10 recoding [6-8].

In this paper, a decimal multiplier based on hybrid BCD
codes is proposed; it uses the same coding method as used in [7]
for PPG. However, the PP reduction tree is different; the
proposed PPR tree consists of a binary PPR tree block, a
nonfixed size BCD-4221 counter correction block and a BCD-

The decimal carry-save algorithm based on BCD-4221 and
BCD-5211 codes are used in [12-13] for PP reduction (PPR).
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The SD radix-10 recoding transforms a BCD digit 
(  ∈ 0, 1, . . . , 8, 9 ) into an SD radix-10 digit ! ( ! ∈
5, 4, . . . , 4, 5). The value of the recoded digit ! depends
on the decimal value of  and the sign signal #$  (#$  1,
if    5. Each digit ! is represented by five multiple
select signals #1 , #2 , #3 , #4 , #5  and a sign bit #$ .
Multiple select signals are used as a selection control signals
for the 5:1 MUXs to select the positive multiplicand multiples
X, 2X, 3X, 4X, 5X. Due to the redundancy of the BCD-4221
decimal codes, when #$
1, a negative multiplicand multiple
, 2, 3, 4, 5 is selected by bit inversion of the
positive BCD-4221 coded multiple. The bit inversion operand
is accomplished by using the XOR gates controlled by ys% .
Therefore, & & ' ( 1 PP rows are generated in the SD
radix-10 decimal multiplier; each partial product PP[i] is at
most (d+3)-digits in length [7], [12-13].

4221/5211 decimal PPR tree block. During the PPR stage,
ODDS PPs are compressed to two PP rows by a binary CSA
tree. The two ODDS PP rows can be converted directly to
BCD-4221 (including both 4BCD-4221 and BCD-4221); the
BCD-4221 sum correction block is used to count the carries
generated between two decimal digit columns. All BCD-4221
PP rows are then compressed to two BCD-4221 PP rows by a
decimal PPR tree. Finally, two BCD-4221 PP rows are
converted into BCD-8421 PP rows and accumulated by a final
decimal carry propagate addition. This design is referred to as
hybrid, because as outlined above, it utilizes multiple BCD
codes.
The proposed decimal multiplier is different from [7] in the
following two aspects: (1) Nonfixed size BCD-4221 counters
are used in the sum correction block to balance the paths in the
PPR tree and reduce the critical path delay. (2) Decimal 3:2
compressors based on 4-bit binary CSAs and decimal digit
doublers are used in the decimal PPR tree block.

Each column of & PP rows is compressed to two digits by a
decimal digit p:2 CSA tree; decimal carries are passed between
adjacent digit columns. The decimal CSA uses a conventional
4-bit binary 3:2 CSA; this can be expressed as [13]:

The paper is organized as follows. Section II reviews the
BCD and redundant BCD representations that are used in this
work for decimal partial product generation and reduction. The
proposed partial product reduction tree for 64-bit 16  16digit) decimal multiplier is described in Section III. In
Section IV, complexity and delay are evaluated and compared
with other representative decimal implementations found in the
technical literature. Finally, conclusion is provided in Section
V.
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where, the weight of     is 4221 or 5211, $ , and / ,
are the sum and carry bits of a full adder (also defined as a 3:2
CSA or a 3:2 compressor). 7 ϵ0,9 and : ϵ0,9 in Eq. (3) are
the decimal sum and carry digits at position i. Fig. 1 shows an
example of a decimal 3:2 CSA for operands coded in BCD4221. Every decimal digit : ϵ0,9 (/ , , / , , / , , / , ) is
required for multiplication by 2 (i.e.,  2 ). The double of H
( 2  : ) can be performed by converting the BCD-4221 to
BCD-5211s (expressed by < ) and left shifting < by 1-bit.
The resultant digit is coded as BCD-4221s. Refer to [13] for
the definition of BCD-4221s/5211s and the difference between
BCD-4221s/5221s and BCD-4221/5221.

II. REVIEW OF BCD REPRESENTATIONS AND DECIMAL
MULTIPLICATION
Digital multiplication mainly consists of three stages: the
generation of partial products, the fast reduction (addition) of
partial products and the final carry propagate addition. Both
non-redundant and redundant BCD digits are usually used in
high-performance decimal multipliers [7], [11-12], [13].
A. SD Radix-10 Recoding and Decimal Multiplier based on
BCD-4221/5221
A d-digit decimal integer operand can be expressed as
follows:
∑




∑   ,

 10

(1)

 

(2)

where 0,9 is the i decimal digit,  , is the jth bit of
the ith digit, and   1 is the weight of the jth bit. The most
common used 4-bit decimal weighted codes include BCD-8421,
BCD-4221, and BCD-5211.
th

(a)

a i,j b i,j c i,j

The multiplicand    …    and multiplier
   …    are assumed to be unsigned BCD
decimal integer of d digits each. The product     is in a
non redundant BCD format with 2d digits. The decimal radix10 recoding is used in [7] [13-14] for a high performance
parallel decimal multiplier; it leads to a simple generation of
the partial products. The decimal carry-save algorithm based
on BCD-4221/5211 is used for partial product reduction [1213].

hi,j

s i,j

(b)
Fig. 1 Decimal 3:2 CSA for operands coded in BCD-4221: (a) Decimal digit
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3:2 CSA, and (b) Full adder (after [13]).

ODDS representation can be compressed until two 2d-digit
decimal PPs by using (d+1):2 PPR tree. These two PP rows
(coded in both BCD XS-6 and BCD-8421) are accumulated by
a final decimal carry propagate addition.

The bits of < are expressed by = , in which the most
significant output bit = , represents the decimal carry out
(with a weight of 10) to the next digit position, while = , is
a decimal carry input from the adjacent low decimal digit. Thus,
the digits of 2: are given by:
2:

= , 4 ( = , 2 ( = , 2 ( = , 1

The (d+1):2 PPR tree in Fig. 2 consists of three parts:
(1) A regular binary CSA tree is used to compute an
estimate of the decimal partial product sum. The binary CSA
tree accepts an arbitrary number of ODDS or BCD-8421
operand inputs. The resultant PPs (sum and carry) are in
ODDS representation.

(4)

The decimal digit (4-bit) 3:2 CSA is made of a 4-bit full
adder and a BCD-4221 to BCD-5211s converter. The decimal
digit 3:2 is used to generate the decimal digit p:2 CSA tree to
reduce p PP rows to two decimal digits : and 7 .

(2) At the same time, a decimal sum correction block
counts the carries generated by the binary CSA tree. The
number of carries per decimal column is counted and then a
multiplication by six ( 6) is performed. The binary counter
and the 4221-BCD counter consist of 3:2CSAs [13].

The adder setup is used to generate the double of H and
convert the BCD-4221 PPs to the BCD-8421 and BCD excess
6 representations. The final two PPs are accumulated by a
decimal carry propagate addition; the final BCD adder is
effectively a 2d-digit hybrid parallel prefix/carry-select adder
[12-13].

(3) The ODDS partial products in stages (1) and (2) are
added by the binary CSA tree and the decimal digit 3:2
compressor to obtain the final double-word length (2d) A and
B, where A is represented with BCD excess-6 digits and B is
represented with BCD-8421 digits.

B. Redundant BCD Representations and Decimal Partial
Product Generation and Reduction
Both BCD-4221 and BCD-5211 decimal encodings are
used for partial product reduction [12-13]. Both codes are selfcomplementing in PPG; therefore, the 9’s complement of a
digit (as required for negation) can be simply obtained by bitinversion. Hence, they are also used to improve the
performance of decimal multi-operand operations, such as
addition and multiplication. As mentioned previously, a
disadvantage of the BCD-4221 and BCD-5211 codes is that
they use a non-redundant radix-10 digit set [0, 9], in which 3
cannot be obtained in a carry-free manner. The decimal SD
representations
rely
on
a
redundant
digit
set
, ⋯ ,0, ⋯  ( 5    9 ) to allow decimal carry-free
addition [6-7], [17-18].

The final non-redundant BCD-8421 product P=A+B is
achieved by a 2d-digit BCD adder [12].

The redundant BCD representation is given by:
$>  10 ( ∑


 10

(5)

where d is the number of decimal digits, $> is the sign bit,
and ϵ?  @, A  @ is the B CD digit, with 0  ?  @, 9 ( @ 
A  15 in which e is the excess of the representation and
usually e=0 (non excess), 3 or 6. The redundancy index E is
defined as E A  ? ( 1  10 [10].
The different representations of
(1)
(2)
(3)
(4)
(5)

are given as follows:

BCD: ϵ0,9, @ 0, l 0, A 9, E 0;
BCD excess-3: ϵ0,9, @ 3, ? 3, A 12, E
BCD excess-6: Z% ϵ0,9, @ 6, ? 6, A 15, E
ODDS: ϵ0,15, @ 0, ? 0, A 15, E 6;
XS-3: ϵ3,12, @ 3, ? 0, A 15, E 6.

0;
0;

Fig. 2 The radix-10 multiplier using redundant BCD codes (after [7]).

The SD radix-10 decimal multiplier using redundant BCD
codes [7] is shown in Fig. 2. The SD radix-10 recoding and
XS-3 code is used for fast PPG, in which positive multiplicand
multiples 0X, 1X, 2X, 3X, 4X, 5X are pre-computed in a carryfree manner; negative multiples can be obtained by bit
inversion of the corresponding positive ones. XS-3 PPs can be
represented as ODDS PPs by adding pre-computed correction
term (i.e., adding -3 constants). The (d+1) PP rows based on

III. THE PROPOSED PARTIAL PRODUCT TREE
The proposed BCD multiplier uses a PPG circuit (based on
both the ODDS and the XS-3 representations) that is similar as
the one used in [7]. The PPG circuit uses the SD radix-10
recoding to reduce the number of multiples with
0X, 1X, 2X, 3X, 4X, 5X . The PPR tree is however different
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x The second level consists of 3:2 compressors, in which 6
PP rows are generated.

from [7]. '  1 carries (for the maximum digit column
height) are generated in [7] by a binary CSA tree; a binary
BCD-8421 counter is used in the (counter) correction block
and the ODDS partial products are then accumulated [7]. The
proposed PPR tree consists of a binary PPR tree block
(generating '  2 carries in the maximum digit column height),
a nonfixed size BCD-4221 counter correction block and a
BCD-4221 decimal PPR tree block. The functions of the three
blocks are as follows:

x The third level (3:2 compression) generates 4 PP rows.
x The final 2 PP rows are generated by the last level of the
4:2 compression.
The last level (4:2 compression) in the ith position is shown
in Fig. 4, it includes four binary 4:2 compressors. In the last
compression stage, the two PP rows with weights of 16, 8, 4, 2
for the carry output signal and weights of 8, 4, 2, 1 for the sum
signal are generated. The carry and sum signals are represented
in BCD-4221 recoding (both 4BCD-4221 and BCD-4221).

(1) A regular (d+1):2 binary CSA tree is used to compress
the d+1 ODDS PP rows to two PP rows (i.e., sum and carry).
The carry and sum signals can be directly represented in BCD4221 recoding (both 4BCD-4221 and BCD-4221);

The binary PPR tree is used for the decimal PPR stage;
however, the +6 correction terms are required when every
decimal carry occurs. As shown in Fig. 4, only one +6 carry
correction term in cout2 is required during the last 4:2
compression stage. The maximum number of carries
transferred between adjacent columns of the binary 17:2 CSA
tree is 14. These carries are labeled as + 0: 13 (carry output
signals at the ith column) and +  0: 13 (carry input signals at
the ith column).

(2) A BCD-4221 sum correction block counts the carries
generated between the digit columns in the binary CSA tree
and a multiplication by six ( 6) is then performed.
(3) The BCD-4221 partial products in steps (1) and (2) are
added by a decimal digit 3:2 compressor tree to obtain the
final 2d-digit PPs (i.e., H and S). Every decimal bit : is
required to be multiplied by 2 before adding H and S.
A. A 17:2 Binary PPR Tree
The maximum column height in the PP array of a 1616digit multiplier is d+1=17. The proposed PPR tree in maximum
column height for a 16  16-digit multiplier is shown in Fig.
3. The input signals of the 17:2 binary CSA tree are coded in a
ODDS representation. A 17:2 binary CSA tree has a 4-stage
binary compression. The numbers of input PP rows in the 1st,
2nd, 3rd and 4th compression stages are 17, 9, 6, and 4,
respectively, given as follows:
PP i[0]

BCD-4221 Sum
Correction Block

ui,3; ui,2; ui,1
3
4
4
vi,1 1

8-bit
counter

8

3-bit
counter

3

2
2

3-bit
counter

zi,1 1

3

2
x6
x6
x6

4221
5

4221

1
·
·
1·

Fig. 4 The 4-bit binary 4:2 compressor in last a compression stage.

The proposed binary 4:2 compressor used in the binary
PPR tree is shown in Fig. 5. This compressor is modified from
the one given in [20], in which the cout2 signal is generated by
NAND gates other than MUXs to reduce its delay.

PP i[k] PP i[16]
...
...

Ci-1[0]
Ci[0]
·
·
·
·
·
·
Ci-1[K]
Ci[7]
%LQDU\
Ci[8]
·
335WUHH
Ci[9]
·
Ci[10]
·
C
i-1[13]
Ci[11]
Ci[12]
Ci[13]
Bi
Ai
1 z
i-1,1
1
vi-1,1
3
4 ui-1,3; ui-1,2; ui-1,1
4

4221
4221 4221
6:2 Decimal PPR Tree
2*4221
4 x2

4221
4 x1

Hi(4221)

Si(4221)

ai,3 bi,3 ci,3 di,3

c2i,2
c2i,3
0 1
s

c1

Fig. 5 The proposed binary 4:2 compressor(with weigh of 8).

B. BCD-4221 Counter Correction and 6:2 Decimal PPR
Tree
Fig. 6 shows the architecture for a nonfixed size BCD-4221
counter correction block and a BCD-4221 reduction tree block
in the maximum height columns that determine the critical path
delay of the proposed PPR tree. The 14-bit binary carry output
signals (i.e. + 0: 13 ) generate 4 BCD-4221 decimal
correction terms. As shown in Fig. 3 and Fig. 6, the 8-bit, 3-bit
and 3-bit BCD-4221 decimal counters are used to count the 14bit binary output carries due to the following reasons and
objectives:

4*4221
5

Fig. 3 The proposed PPR tree in the maximum height columns for a 1616digit multiplier.

x The first level (4:2 compression) generates 9 PP rows.
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five BCD-4221 terms and one 4BCD-4221 for the maximum
height columns. These six decimal digits are transferred to the
6:2 decimal PPR tree block to generate the final two PP rows.
As shown in Fig. 6 in the 6:2 decimal PPR tree block, the
slowest outputs are connected to fast inputs of the next 3:2
CSA to balance the critical path delay.

(1) The BCD-4221 counter is faster than a binary counter,
that has only two 3:2 CSA delay;
(2) To balance the paths in the PPR tree and reduce the
critical path delay in the decimal 6:2 PPR tree;
(3) 3-bit counters are used to generate a BCD-4221 decimal
correction digit by using only a 3:2 compressor.

3:2

3:2

3:2
C[8]C[9]C[10]

C[11]C[12]C[13]

3:2

3:2

8-bi t
counter

3:2

ui,31 ui,2 1 ui,11 ui,0
ui,3ui,2ui,1ui-1,1 ui,0ui,0ui-1,3ui-1,2
1

4

Using the proposed PPR tree, the 1616-digit multipliers
are evaluated in this section; the results are compared with both
a non-redundant decimal multiplier [13] and the redundant
decimal multipliers [7] as corresponding to some of the best
designs found in the technical literature.

BCD-4221 Sum
Correction Block

C[4] C[0] C[1] C[2] C[3] C[5] C[6] C[7]
HA

IV. EVALUATION AND COMPARISON

1

vi,11 vi,0
vi,0vi,0vi,1vi-1,1

4

3-bi t
counter

The decimal multiplier designs are described at gate level
in Verilog HDL and verified by Synopsys VCS using randomly
generated input patterns. The synthesis results based on
Synopsis Design Complier are given for the proposed design
and the previous design. The logic effort (LE) model [21] is
used to obtain an estimate of the area and delay for the
proposed decimal multipliers.

1

zi,1 1 zi,0
zi,0zi,0zi,1zi-1,1

4

4

3:2 F
Ai(4221)
x2
F 3:2

Bi(4*4221)

4

4

4221

4221

x2

x2

F 3:2

x2

The LE model is technology independent and appropriate
to provide reasonable accuracy for comparing different designs
[7], [21]. Although the input and output gate loads have been
taken into account, interconnections and gate sizing are not
modeled. The delay is measured in unit of FO4 and the
complexity is provided by the number of two-input NAND
gates.

6:2 Decimal
PPR Tree Block

x2
F 3:2
4 x2 4 x1

Table I shows the delay, input capacitance and area of the
main components used in the proposed BCD multipliers. Refer
to [7] [21] for more details on the LE-based model, The area
and delay obtained for the 1616-digit multipliers are listed in
Table II.

Hi(4221) Si(4221)

Fig. 6 The maximum height columns of the PPR tree (F indicates the fast input
in a 3:2 CSA).

As shown in Fig. 6, the 8-bit 4221 counter generates the 4bit decimal BCD-4221 digit G . The G and 6  G in the ith bit
are given as follows:
G

4  H , ( 2  H , ( 2  H , (1  H ,

6G

TABLE I AREA AND DELAY EQS. OF MAIN BUILDING BLOCKS IN THE LEBASED MODEL [7].

(6)

Component

(7)

NAND2
XOR2
FA (sum, carry)
Binary 4:2 CSA
4-bit binary CLA
BCD (4-bit) CLA

20  H , ( 10  H , ( 10  H , (

4  H , ( 2  H , ( 2  H , ( 4  H , ( 2  H ,

According to Eq.(7), the digit with weight of 20 and 10 in
6  G is transfered to the (i+1)th column, while the digit with
weight of 20 and 10 in 6  G  is transfered to the ith column.
As shown in Fig. 6, the 8 carry output signals generate two
BCD-4221 correction terms. The 3-bit counter produces a 2-bit
digit I . The later one uses full adders to generate the sum bits
i.e., J , and the carry bit J , as follows:
I

2  J , ( J ,

6I

10  J , ( 4  J , ( 2  J , ( 2  J ,

Delay
#FO4
0.4+0.2Lout
0.9+0.2Lout
(2.2, 0.8)+0.2Lout
4.0+0.2Lout
4.5+0.2Lout
5.4+0.2Lout

Lin
(#inv)
4/3
2
5
5
5
5

Area
(NAND)
1
2.5
10
20
45
60

Table III compares the proposed BCD multipliers with the
BCD combinational multipliers [7], [13] in terms of area and
delay as obtained from the LE-based model; the proposed
16 16-digit multiplier reduces the delay by up to 13.89%
compared with the non-redundant BCD multiplier of [13],
while occupying 8.65% less area. Compared with the 16 
16-digit redundant BCD multiplier [7], the proposed design
reduces the delay by 2.23% at an increase in area (6.05%).

(8)
(9)
th

The first term in Eq.(9) is transfered to the (i+1) column
and the digit with weight of 10 in 6  U% is transfered to the
ith column. Therefore, 3 carry output signals generate one
BCD-4221 correction term; similarly, another 3-bit counter
(with inputs C% 11: 13 and outputs z%, and z%, ) also generates
one BCD-4221 correction term. The 14-bit binary carry output
signals generate four BCD-4221 correction terms. The
correction block and binary 17:2 reduction tree blocks generate

TABLE II AREA AND DELAY (LE-BASED MODEL) FOR THE PROPOSED 1616DIGIT MULTIPLIERS.
Block
PPG Stage
PPR Tree
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Delay
#FO4
10.2
25.3

Area
#NAND2
14900
14306

3.2
11.5
50.2

Adder Setup
Decimal Adder
Total

Northeastern University.

1050
2400
32656
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decimal digit 3:2 compressors is used to add the result of the
6 carries count and the result of the binary CSA PPR tree to
obtain the final two PP rows. Analysis and comparison using
the LE model show that the proposed decimal multiplier is
faster than previous state-of-the-art designs. The proposed
high-speed decimal multiplier can be used for both high
performance fixed-point and floating-point decimal
multiplications.
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